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Abstract—In a closed nonregular equilateral polygonal curve, angles cannot be permuted arbi-
trarily without opening the curve. Here we investigate the possible angle permutations that leave
a polygonal curve closed. To this end we introduce angle sequences, i.e., symbol sequences describ-
ing the number and arrangement of like angle values in classes of forms. We find that there exist
“universal angle sequences” giving closed polygons for arbitrary angle values provided that the angle
sum is kept constant at one of certain permissible values. The universal angle sequences are periodic:
they consist of at least two identical series of symbols. Within a series, the symbols can be permuted
freely on condition that in all other series the very same permutation is applied. All these correlated
permutations, when applied to the angles of a corresponding polygonal curve, leave this curve closed.

Polygons belonging to a given angle sequence (form class) constitute a submanifold of the mani-
fold M of equilateral polygons within the form space. These submanifolds structure M in a
hierarchical manner so that the form class concept gives a valuable complementary classification
scheme for the forms of M.

Furthermore, we find that polygons with constant angle composition (the term “composition”
is used here in its chemical sense) show a wide variety of possible shapes (from quasi-circular to
wormlike and even self-intersecting ones) corresponding to different degrees of “segregation” of like
angles within the polygonal curve. © 2000 Elsevier Science Ltd. All rights reserved.
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1. INTRODUCTION

In a series of papers [1-5], we investigated polygonal forms (figures) F and their corresponding
form spaces F, spanned by the 2N Cartesian coordinates of the N points defining the figure

Fr = {(z1,y1,---,ZN,YN)}- (1.1)

Within the form space, a special manifold M; called the isodiastemic manifold [4,5] embraces
all equilateral polygons. This manifold is best represented in a different form space Fg spanned
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Figure 1. (a) Construction of a polygonal curve Py,..., Ps for N = 4, see text. (b)-
(f) Example of the reduced permutability of the angles of an equilateral hexagon:
the forms with angle vectors & = (90,180,90,90,180,90) (b); (180,90,90,180,90,90) (c);
(90,90,180,90,90,180) (d) are closed, whereas those with angle vectors (90,90,90,180,
180,90) (e) and (90,90,180,90,180,90) (f) are open polygonal curves. Coincidences
Pg = Py or P4 = Py and P; = Py have been indicated by circles.

(e)

by the N angles of the polygon [5]:
]Fa={(a1,...,aN)}. (1.2)

The isodiastemic manifold has been subdivided into submanifolds of different form families {F}
characterized by different angle sums! ¥ and named after a characteristic form F of the respective
submanifold [5]. As an example, the forms belonging to the family of the square, {Sg*}, have
¥ = 2, but for the forms of the “inverse”-square? family {Sg~}, £ amounts to 67 (or —27) [5].
We will complement this classification scheme for forms by the concept of “form classes” in
Section 2.2.

It is a common observation that in a closed nonregular equilateral polygonal curve, the angles
cannot be permuted at will without opening the curve (cf. Figures 1b-1f). In the following,
the conditions for the permutability of the angles in closed equilateral plane N-gons will be
investigated.

The results obtained here may have a bearing on the problem of budding in two-dimensional
vesicle models (cf. [7,8]). These connections will be investigated in a subsequent paper. For the
time being, the permutability of angles will be regarded mainly as a geometrical problem.

2. METHODICAL CONSIDERATIONS

2.1. Construction and Misfit of Polygonal Curves

As in [5], we characterize an open or closed equilateral polygonal curve® (form) F by its angle
vector @&, i.e., the N-tuple of angle values:

F=a=(a,...,an). (2.1)

1We take the angle a; at vertex P; as directed angle measured from P;_; to P,;+1, here conventionally in the
mathematically negative direction [5): a; = ~ZP;_1 PPy, with a; € [0,27) or, equivalently, a; € (—m, 7] (cf. [5,
Section 2.1, Angle Convention I]). Then, independently of the a; interval chosen, the angle sum is unique both
for nondegenerate forms (i.e., forms without coincident points) and degenerate forms.

2In “normal” simple forms F 7, the vertex indices are taken to increase counterclockwise around the polygon, in
“inverse” forms F~, they increase clockwise [5]. This means that these two types of (orientable) polygons have
different orientation (cf. [6]).

3In the following, we use the term “polygon” only for closed polygonal curves.
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In constructing polygonal curves, we will proceed as follows. An equilateral polygonal curve
with N fixed angles «; gives N vertices Pi, ..., Py plus two endpoints which will be labeled Py
and Py,1, respectively (Figure 1a). By convention, we take Py = (0,0) and P, = (1,0). Then,
the points P4y (i = 1,...,N) are constructed by rotating P;_; about P; through «; in the
mathematically negative direction.

For a closed polygonal curve, of course, we must have Py = Py and Pyy, = P;. Otherwise,
we may define a misfit A taking the mean of the corresponding deviations

1

as a measure of the “openness” of the polygonal curve. This misfit will be used throughout the
following sections.

2.2. Angle Sequences and Form Classes

In this paper, we will use a more abstract representation of forms, the angle sequence (s1 ...,
sy). This sequence can be derived from a given angle vector @ in the following way. First we
set up a list of the angle values appearing in & This list is written as a vector g = (B1y...,PK),
K being the number of different angle values in the polygonal curve.? If the angle values appear
with different frequencies, then the most frequent angle value will be designated by 3; and
the least frequent one by Bk as a convention. After having replaced the ;s in @ by their
corresponding (3; symbols, the sequence of indices of the §;s constitutes the angle sequence. To
give an example, for a form F; = (150, 150, 60, 150, 60, 150),% we derive

]:l = (1507 1507607 1507 603 150) = (ﬂlaﬁl)ﬂ?aﬁlvﬁ2» ﬂl) - <112121> (23)
with 3 = (150, 60), or else for a form F, = (90,120,150, 90, 120, 150), we get
Fa = (90,120,150, 90, 120, 150) = (51, B2, B3, B1, B2, 0G3) — (123123) (2.4)

with 5 = (90,120, 150). In the case of F,, the assignment of 3; symbols to a; values is arbitrary
since the latter are equally frequent.

The angle sequence (123123) characterizes a form class having three different kinds of angle
values (By, B2, B3, with hitherto unspecified values) arranged in this succession.® The form F» is a
special member of this class. In general, the angle sequence indicates the number and arrangement
of like angle values in the corresponding form class. The members (forms) of this form class are
then characterized by a specific 8 vector.

The angle sequence (123123) is a permutation isomer (or isomer for short, in analogy to
chemical isomerism [9]) of the sequence (112233). Both contain three different angles in duplicate.
We denote the set of all permutation isomers of the sequence (112233), which we will call a
sequence family, by {{(112233)} and represent in this symbol the set of permuted sequences by
the one sequence which is the first in lexicographical order. All sequences belonging to the
family {(112233)} have as a characteristic the same angle composition (which in this example
will be written 122232 or (123)2 in analogy to the composition notation used in chemistry).
Furthermore, we call angle sequences with X = 1,2, 3, ..., unary, binary, ternary sequences, etc.

Then the questions to be dealt with are the following. Which angle permutations in a given
closed form preserve the property of closedness (also if possibly changing the shape of the form)?
Are these permutations closedness-preserving for the whole form class represented by the respec-
tive angle sequence?

4T avoid confusion, the different angle values will be symbolized by f1,...,8k in contrast to the angles
ai,...,ayn themselves. '

5In angle vectors, the degree sign has been dropped for the sake of shortness.

SNote that for proper (123123) forms, as an example, we assume the three angle values 51, 82,83 to be really
different so that equalizing of certain angles gives improper forms belonging to different sequences ({112112) or
{{(111111)}) which are special cases of (123123).
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2.3. Closedness Conditions for Equilateral Polygonal Curves

Using the construction principle for the polygonal curves described above (rotation of P;_;
about P; through «; to give Piy1), we can write down the formulae for the positions of all
points P4y (i =1,...,N), fixing Py and P; at

Py=(0,0) and P =(1,0) (2.5)

by convention and rotating in the negative direction:

I i sinoy Ti1—X; T
Py = ( f+1> _ <_C,°SO‘A sma’_) < o > + ( f). (2.6)
Yi+1 sinog  cosq; Yim1 — Ys Yi

As has already been stated, the (necessary and sufficient) closedness conditions for the polygonal

curve then simply read
PN = P() and PN+1 = Pl. (2.7)

Calculation of Py and Py4; from equations (2.5) and (2.6) gives

N-1 k
zny =1+ (~1)* cos <Z ai> , YN = Z( 1)+1sin <Z az> , (2.8)
N

N
zn41 =y + (=1)" cos (Z ai) ) yn+1 =y~ + (1) s (Z ) (2.9)

i=1

Using equation (2.7}, we get from equation (2.9):

N N
08 (Z ai> =(-1V and sin <Z ai> =0. (2.10)

From this follows the general condition for the angle sum ¥ (termed closedness or angle sum
condition):

N
L= o;=(2k+Nmod2)mr, kel (2.11)

This means that a necessary (but not sufficient) prerequisite for closedness of a polygonal curve
is that the angle sum ¥ be an even (0odd) multiple of 7 for even (odd) N.

The analysis of the second necessary condition, Py = Py, is more laborious. Therefore, for
the detection of closed polygonal curves, empirical misfit plots have been preferred whose “misfit
landscapes” give a vivid picture of the degree of closedness of a polygonal curve for varying angle
values (Sections 3ff).

2.4. Basic Invariance Operations for Polygons

As has already been stated, a polygon (closed form) is represented here by its angle vector &
(equation (2.1)). A permutation acting on & will be termed an invariance operation for the
polygon (with respect to the closedness property) if it transforms this form into another polygon
(even though not necessarily of the same shape).

There exist two types of basic invariance operations which are valid for arbitrary polygons:

(i) the shift Shy, which cyclically shifts the angles within the angle vector @ of the form
k positions to the left (without changing their succession); given a certain form F, there
are N shift operations, the results of which will be denoted by Shy,...,Shy_1; note that
Shy corresponds to the identity permutation;

(i) the reversion Ruj reversing the succession of the angles of a form without an addi-
tional shift; by Ruvg, ..., Run—1, we will designate the reversed successions corresponding
to Shg,...,Shyn_1.
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To characterize these operations further, the invariance of the misfit A of a polygonal curve
against a shift or reversion of its angle sequence has been tested. To simplify the calculations,
we used a somewhat different measure for the misfit:

A =2k +yk + @nn = D + v (2.12)

instead of

1

(the latter corresponding to equation (2.2)). Since from A(Fy) = A'(F1) we can conclude
A(F2) = A(F1), the difference between A’ and A does not matter for our purposes. We find
A’(Rug) = A’(Shy) for both odd and even N values and for arbitrary angles a;. This means that
the reversed angle sequence Rug = (N ...1) gives the very same misfit as the original sequence
Shg = (1...N). In other words, the reversion is an invariance operation with respect to the
value of the misfit A (and thus, also regarding the closedness property as the special case A = 0)
for arbitrary open and closed polygonal curves.

Contrariwise, the shift operation leading to the sequence Shy = (2... N1) does not in general
leave the misfit invariant. The difference A’(Sh1) — A’(Sho) contains a factor

COS(E_%‘_@) and Sin(a_ff'_'z'ﬂﬁ) (2.14)

for odd and even N, respectively. Taking into account the closedness condition equation (2.11),
it follows that a shift of the angle sequence is an invariance operation (regarding the misfit) not
in the general case, but for all closed polygonal curves and, furthermore, for all open polygonal
curves which meet the angle sum condition. Examples of open polygonal curves of this kind
are those in Figures le and 1f. Taking the open form F =(90,90,90,180,180,90) of Figure le,
one may easily verify that the six shift isomers of this form have different shapes but constant
misfit A = 2.

In the following, we will investigate only polygonal curves for which we fix an angle sum
value in accordance with equation (2.11). For all these curves, shift and reversion of the angle
vector are invariance operations regarding the misfit value and especially the closedness property.
Therefore, these operations are invariance operations also for the angle sequences which represent
the corresponding form classes, as long as the angle sum condition holds.

Geometrically, in closed forms a shift operation Shy shifts the vertex indices in the figure
(a left-hand shift of the angles causes a shift of vertex numbers in the mathematically positive
direction). The reversion of a form F + does, however, not result in an “inverse” form F~: it
only corresponds to a reflection of the (shape of the) polygon, the vertex numbers being left in
their counterclockwise succession (i.e., the orientation of the polygon is left invariant) so that the
resulting polygon belongs to the same form family.

The geometrical relationships between Shy and Rug forms can be displayed especially lu-
cidly for N = 3 (Figure 2). Polygonal curves that belong to the angle sequence (123) and are
constrained by a constant angle sum, have two freely variable angle values and lie on a two-
dimensional simplez in the three-dimensional form space F5. Figure 2a shows these simplices for
Y = 7 and ¥ = 57 corresponding to the angle sums for the form families {Ze*} and {7e™} of
the normal and inverse equilateral triangles. Each simplex contains also the forms corresponding
to the special-case sequences (112), (121), and (211) (coinciding with the projections of the a; co-
ordinate axes in Figure 2b and constituting the symmetry lines of the simplex) and (111) (the
intersection point of the three (112) lines). The forms Te' and Te~ belonging to the (111) se-
quence are the only equilateral closed forms in Fg. The set {Sho,...,Shn_1, Rvo, ..., Ruy_1}
will in the following be termed the “S/R isomers” of a form. For N = 3, the positions of the
S/R isomers of an arbitrary (123) form (Figure 2b) have Cs, symmetry. This is because the
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(a) The simplices corresponding to (b) The locations of six forms belong-

3 = 1z and £ = 57 in the form ing to the six S/R isomers of the se-

space Fg for N = 3; the Tet and quence (123) on the (& = 7) sim-

Te™ positions are marked by a dot. plex. The domain of (123) forms for
a1 € az < a3 has been made to
stand out (see text).

Figure 2.

operations S”hk and f%vk for N = 3 form a group which corresponds to Cs,. The six domains
resulting from a subdivision of the simplex along its symmetry lines (one of them has been made
stand out in Figure 2b) can then be regarded as the domains corresponding to the six S/R isomers
of (123); the marked domain in Figure 2b belongs to (123) if we presume «; < as < asz.

3. MISFIT PLOTS FOR REGULAR POLYGONS

The closedness of forms can be tested empirically by calculating their misfit A when varying
one or more angle values.” For example, the possible values of the angle sum X for regular N-gons
can be most easily seen in a misfit plot A = f(3) for the sequence (11...1) (or (1y) for short),
i.e., for the univariant form series 73 = (3,5,...,3). Typical plots are displayed in Figure 3
for N =5 and N = 6 (for N = 4, see Figure 5d8). They show that for a variation of 3 in the
form series F3 (i.e., walking along the spatial diagonal of the form space) gives closed forms only
for certain 8 values which correspond to angle sums of (2k+ N mod 2)x for k =0,...,N —1 with
the exception of ¥ = N7.

5 6
4 5
43 =
a2 93
(= E2
1 1
0 0
0 90 180 270 360 0 90 180 270 360
beta (degrees) beta (degrees)
(a) (b)
Figure 3. Misfit plots displaying the misfit A of equiangular forms Fz = (3,...,03)
versus the value of 8. These forms belong to the sequence (1y) with (a) N =5 and
(b) N =6.
7We term sequences or forms with f = 0,1,2,... degrees of freedom in the variation of 8 angles nonvariant,

univariant, bivariant, and so on.
8The misfit plots for (1111) and (1112) are numerically identical. This is by chance: the forms belonging to both
sequences are different.
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0° 30° 60°

Figure 4. Survey of the possible regular polygons for N = 2,..., 12, arranged ac-
cording to their 8 value (only the interval 0 < 8 < w is shown). The polygons have
been drawn schematically. If the number of vertices is only a divisor d of N, then
each vertex is N/d-fold.

A systematic consideration reveals that for N = 2,...,12, the regular polygons displayed in
Figure 4 are possible. Note that Figure 4 shows only the F + forms and that an analogous scheme
containing the “inverse” forms F~ exists between 7 and 27 (or, equivalently, between —7 and 0).
Figures 3 and 4 thus illustrate the closedness condition equation (2.11).

There is a close connection between the different possible angle sums for a certain value of N and
the winding numbers® of the corresponding polygons. This winding number is +1 for “normal”
regular N-gons and increases up to (N — N mod2)/2 for the outermost left forms in Figure 4.
As has been shown in [5], the angle sum ¥ = N7 (corresponding to a fictive value 8 = ) is also
possible for closed polygonal curves with N > 4, but only for nonregular ones. These forms are
self-intersecting and have a winding number of zero fitting smoothly into the scheme of Figure 4.

4. UNIVERSAL AND NONUNIVERSAL ANGLE SEQUENCES

In an investigation of the permutability of angles in equilateral polygons, the following param-
eters have to be varied.

(i) The angle sequence. All sequences which derive from (1... N) by permutation and subse-
quent equating of different indices in the resulting sequences have to be checked.

(i) The angle sum ¥. It has been found in [5] that the isodiastemic manifold M is divided
into disjunct submanifolds comprising nondegenerate forms with constant angle sum 3
(form families). These submanifolds are bounded by submanifolds of degenerate forms
which themselves intersect in submanifolds of even higher degenerate forms, in the case
of even N up to the central form N Ld, the linear dumbbell form'® which occupies the
origin of the form space. To get information about the different form families, the angle
sequences have to be checked for different angle sums.

(iii) The 3 values. Different sets of specific angle values have to be substituted into the angle
sequences, and their permutability has to be tested. In principle, this is an extensive task.
However, we found that there exist angle sequences which for arbitrary angles (3 vectors)

9The winding number is the number of positive 27 rotations of a virtual vector on passing round the form boundary
from Py to Py41 {(cf. [10]). We prefer the signed winding number over the positive density {6] of the polygon.
Note that for degenerate forms with 3 = 0 (Figure 4), the winding number is ambiguous. It can be interpreted to
be +N/2, and thus leads to the inverse forms having negative winding numbers.

10The form 4Ld, for example, is the degenerate linear dumbbell form © — © with points 1,3 and 2,4 coinciding
in two points, respectively (cf. (3,5]). Analogous forms are possible for all even N values (see Figure 4 at 8 = 0),
they will be differentiated by the superscript (which can be omitted if no confusion is possible).
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give closed polygons, provided the angle sum condition holds. They have been termed
universal angle sequences. It is especially these sequences that will be discussed in the
following. At least for universal sequences, general statements regarding the permutability
of angles will be possible.

4.1. Angle Sequences for N =4

The general quaternary sequence (1234) has 24 permutation isomers. After elimination of
S/R isomers which are equivalent to their original sequences (cf. Section 2.4), only three different
sequences S, ...,S3 are left (Table 1). Under certain circumstances, however, the sequences Sy
and S3 can be regarded as equivalent to S;. This is the case if we discuss the sequences in
general, without assigning specific angle values to the symbols §; (since if we do so, then the
sequences S1, Sz, S3 give different forms and are, therefore, considered different). As long as such
an assignment has not been made, the algorithm for constructing angle sequences (Section 2.2)
allows an arbitrary assignment of 8; symbols to angle values which are different but occur with
equal frequency. We will describe sequences that transform into each other by interchanging such
B; indices as “N isomers” (numbering isomers).

Table 1. Sequence families for N = 4, their angle compositions and numbers of per-
mutations, the distinct sequences within each family (after eliminating S/R isomers),
numbers of S/R. isomers of each sequence, the sets of N isomers!!, and ¥ values for
which sequences are universal.

Sequence Angle . S/R N .
. . Permutations Sequences Universal
Family Composition Isomers Isomers

{(1234)} (1234) 24 S1 (1234) 8 a -
Sa (1243) 8 a -
S3 (1324) 8 a -

{(1123)} (1223) 12 Sa (1123) 8 - -
Sk (1213) 4 - -

{(1122)} (12)2 6 Se (1122) 4 - -
S~ (1212) 2 - 2m, 67

{(1112)} (132) 4 Ss | (1112) 4 -

{(1111)} (14) 1 So | (1111) 1 -

For N = 4, only one universal angle sequence has been found, namely (1212). Presuming
¥ = 27, this sequence (corresponding to rhomboid forms) gives a zero misfit A over the entire
range 0 < B; < 2w. The sequence (1212) is universal for all ¥ values for which the angle sum
condition equation (2.11) and ¥ mod4nr # 0 hold. The reason for this is as follows. Using the
angle sum condition, we have for the whole sequence family {(1122)}

PERE U )
This type of equation which in the general case reads
1 K-1

Pr=— %~ ]2::1 ;B (4.2)

(¢j: frequency of 3; in the sequence family under study) will be termed “Bg-equation” in the

11 The different sets of sequences which are N isomers of one another have been denoted by “a”, “b”, etc. here
and in the following tables. Sequences marked “-” are their own N isomers. No entry means that no N isomers
exist ((1n), or all 8; have different frequencies).
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following. The solutions of this equation can be most simply displayed by plotting 8x mod 2712
as a function of Bi,...,BK_1 for different values of the angle sum . This “8x-plot” reveals
the manifolds of (open or closed) forms with constant angle sum ¥ (termed “E-manifolds” for
short) for the respective sequence family, plotted in a space Fg = {(B1,...,BK)} which we will
use extensively in the following. F 5 can be regarded as a special reduced form space Fg, which
is, however, specific for each sequence family.

For (1212), the Sx-equation (4.1) has canonical solutions for ¥ = O, 2w, 4w, 67 (Figure 5a).
From this figure, it can be seen that (1212) forms lie on two distinct sets of manifolds in F:

(i) manifolds with £ = Or and ¥ = 47; the (¥ = 0) manifold consists solely of the £d form;
(ii) manifolds with £ = 27 and ¥ = 6n comprising the {Sq¢*} and {S¢~} form families,
respectively.
The two manifolds meet in (ii) in points of degenerate forms with 8; = 0 or §2 =0 corresponding
to the Lw forms 1-2,4-3 and 2-1,3-4, cf. [5]. Therefore, we will term such E-manifolds con-
nected.’3 The two sets of manifolds (i) and (ii) are not connected. This means, on the other
hand, that we need two runs of §; in the interval [0,27) to produce all possible forms for the
sequence (1212)1%: one for £ = 0w and one for ¥ = 27 (or equivalent angle sums).

Whereas the manifolds (ii) consist entirely of closed forms (this is the geometric meaning of
the “universality” of the (1212) sequence for ¥ = 2m,67), the manifolds (i) are made up of
open forms, except Ld. This can be seen from Figure Sc: calculating the misfit plot for (1212)
prescribing £ = O or likewise ¥ = 4, 8,127, ..., gives always the same plot which corresponds
to a series of forms with the canonical angle sums £ = Or and ¥ = 4, the only closed form of
which is Ld.

A misfit plot for the sequence (1112) is shown in Figure 5d. Its zero misfit points are at
3 = (0,0) = £d, § = (90,90) = Sq*, and § = (270,270) = Sq~. As can be seen from the
§ vectors,'® all these forms have 82 = f1, and thus, belong to the special case (1111); they are
improper (1112) forms. The misfit plot for (1112) is independent of the prescribed angle sum.
This becomes clear from its Sx-plot (Figure 5b) which shows that all ¥-manifolds are connected
within the canonical interval 8; € [0,27) so that for arbitrary prescribed angle sums, 9 will run
successively through all ¥-manifolds.

For (1122), whose Bx-plot is that of Figure 5a, the misfit plots for ¥ = Om and ¥ = 27 (not
shown) give zero misfit only for £d, Sqt, and Sq~, all belonging to (1111) so that there exist no
proper forms for this sequence.

The (1123) sequence (Figure 5e) gives zero misfit only for the special case 81 = [z = B3: Ld,
Sqt, and Sq™, i.e., there exist no proper (1123) forms. The Sx-plot for this sequence (Figure 5g)
displays a simple succession Om — 2w — 47 — 67 — O of connected ¥-manifolds when travelling
along a line f; = (t,t, (27 — 3t) mod 27) with t = 0,...,27.'® This means that the misfit plot
must be identical for arbitrary prescribed angle sums.

For (1213), the misfit plot is also independent of the prescribed ¥ value since its Sx-plot is that
of Figure 5g. However, we find two continuous variations of angles which result in zero misfit

12The angle Bk has been constrained to the canonical interval 8x € [0,2w). Solutions of the Sx-equation meeting
this condition will be termed “canonical solutions” in the following.

13 A connection of d-dimensional manifolds comprising form families with different angle sums can be managed
only by a boundary manifold with dimension d — 1 which consists of degenerate forms. In these forms, the angle 0
can also be interpreted as £27. Therefore, several angle sums differing by integer multiples of 27 can be assigned
to them [5] so that the boundary manifold can mediate between the different angle sums of the adjacent form
families.

14The same is true for {1122) which belongs to the same sequence family, {(1122)}.

15The 3 vectors for the three forms are not in accordance with the canonical nomenclature since 3 per definitionem
cannot contain double angle values. This nomenclature has been chosen since these forms appear here as part of
the (1112) manifold.

16Note that along the line 52 = (t, 2% — t, 2w — t) for the same ¢ interval, only the manifolds £ = 07 and ¥ = 4
will be passed through.
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Figure 5. (a),(b) E-manifolds for the sequence families {(1122)} (a) and {(1112)} (b),
see text. (¢) Misfit plot for (1212) and & = 4x. (d) Misfit plot for (1112). This plot
is numerically identical with that for (1111). {e) Misfit plot for (1123). (f) Misfit plot
for (1213). (g) Z-manifolds for the sequence family {(1123)}. (k) The isodiastemic
manifold M; for N = 4 displayed within the space IFEA Intersection points of the
submanifolds and also the forms Sqt and S¢~ have been marked by heavy dots.
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(Figure 5f):

(i) f1 =0,0 < B2 < 27, B3 = 21 — B2 giving forms F = (0, (32,0,360 — 3,), i.e., bent
degenerate Lw forms where points 2 and 4 coincide; these forms are proper (1213) forms,
however, this sequence is not universal since 3; is not variable but fixed to be zero;

(11) 0< By < 2w, ﬂz =7 — B, B3 =27 — 28y — B2 = Bo giving (1212) forms.

The sequence (1234) is trivariant. Therefore, we may plot the zero misfit points or lines
for this sequence in the space Fz = {(B1, B2, B5)} which corresponds to a reduced form space
{(ay,02,a3)}. Despite the fact that there exist no proper (1234) forms, we get a topologically
complete picture of the isodiastemic manifold, projected into the reduced form space (Figure 5h).
We find four continuous one-dimensional submanifolds, two of them contain the {Sq*} and
{Sq~} families, respectively, (belonging to the sequence (1212)), and the other two consist of
forms F, = (0, 52,0,360 — 82) and F3 = (51,0,360 — B1,0) and correspond to bent Lw forms
belonging to (1213) and its shift isomer (2131). Note that transitions F; < F, can occur only
via a higher degenerate form, Ld.

In sum, only the sequences (1111), (1212), (1213), and (2131) give proper forms; all other
sequences of Table 1 do not. Among these, (1111) gives three nonvariant proper forms which
are therefore points in Fg: £d, SqT, and S¢~. On the other hand, (1212) and (1213) give rise
to continuous pathways of proper forms in Fz. The sequence (1212) is universal. In contrast,
(1213) gives a continuous manifold only for f1 = 0 (bent Lw forms) so that merely one angle
can be varied freely.

4.2. Angle Sequences for N =5

Universal angle sequences have not been found for N = 5. However, the examination of different
sequences can be correlated with the geometrical information we have about the isodiastemic
manifold M [5]. We know that M; has five submanifolds of nondegenerate forms corresponding
to the form families of the regular pentagons ({Pt*}, {Pt~}), pentagrams ({St*}, {St7}), and
to arrowhead-shaped forms ({.Ar°}); the latter forms are self-intersecting and nonorientable,
hence, the superscript. In the following, we will subdivide M; into submanifolds corresponding
to different angle sequences. To this end, we should first systematize the various types of forms.

The possible angle sequences for N = 5 and the proper forms they produce are listed in Table 2.
From this table, it can be seen that only some of the sequences give proper forms. Among these,

(i) (11111) and (11122) give nonvariant forms (i.e., points in Fg): Stt, St=, PtT, Pt~, Aut,
and Au~;'7

(ii) (11232) and its N isomer (12213) give rise to continuous pathways (lines in Fg) which

are only one-dimensional, however, because the 3 values are constrained by a functional
relationship (vide infra); the sequence (11234) gives univariant forms of the types sPn™,
sPn~ and sT f*, sTf~ (the “s” denotes skew forms), where we have two angles at fixed
values and the other two angles constrained by the angle sum condition;

(iii) (12345) gives bivariant forms, and thus a two-dimensional surface (the manifold M; itself)

in the form space; the corresponding forms are skew pentagons, skew pentagrams or skew
Ar® forms; as special cases, the (12345) manifold embraces the manifolds listed in (i)
and (ii), cf. Figure 8a.

Before discussing the data of Table 2, we have to clarify the structure of the - manifolds in
the F 5 space. Considering the misfit plots for different (K < 3) sequences (not shown), one finds
that these plots are independent of the prescribed angle sum for all sequences except Sg and Syg.
In these two cases, the misfit plots are different for & = 7 and ¥ = 3, respectively. To see the

17pt+ is the regular pentagon, St the pentagram, and Aut = (60,60,60,0,0) the only doubly degenerate
form class for N = 5 [5]. The univariant skew form~ sPnt = (60,60,8,0,60 — 3) with 0 < 8 < 60° and
sT f+ = (60, 60, 8,0,420 — B) with 60° < § < 360° are the only singly degenerate forms [5]. For the geometry of
these forms, see Figure 7a.
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Table 2. Possible angle sequences for N = 5 (for K = 4,5 the N isomers have been
omitted), their numbers of S/R isomers, the sets of N isomers, and the corresponding
proper forms for different angle sums ¥ together with their degrees of freedom f (see
text). Form names beginning with “b” denote bilaterally symmetric forms.

S/R N Proper Forms for Different %
K Sequences f
Isom. Isom. 1m 3n 5T T 97
5 S1 (12345) | (120) sStt sPtt sAr® sPt— | sSt- 2
4 Sa (11234) (60) sPnt | sTft sTf~ sPn™ - 1
3 S3 | (11223) 10 - - - - - - R
Sa (11232) 5 a bStt bPtt Ard Pt~ bSt~ 1
Pnt Tft T~ Pn~ - 0
S5 | (12123) 10 - - - - - - -
Se (12213) 5 a like Sy 1;0
3 S; | (11123) 10 - - - - - - -
Ss | (11213) 10 - - - - - - -
2 Sy (11122) 5 Aut - Au~ - - 0
S10 (11212) 5 - - - - - -
2 | & | (11112) 5 - - - - - -
1 S12 | (11111) 1 Stt Pt - Pt~ St~ 0
ol
360 ) \ \, 360° o\
B [N N VTN By [T N_I- MG
AU DA L A X
180° 1% \3"5: , i \\7"'% e Tx
\ AT \ i T | X(3x \Br |\
A E : : NS N
0° /l\ : \ I 0° 2
0 180° 360° 0° 180° 360°
By B,
(a) {(11112)}. (b) {(11122)}.

1

; 8, 360°
31 360°
(¢) {(11123)}. (d) {(11223)}.

Figure 6. ©-Manifolds for some (N = 5) sequence families, see text.

reasons for this behaviour, the ¥-manifolds for the form families to which the sequences S5 ... 513
belong have been drawn in Figure 6.

For the binary sequences, we find one more type of Sx-plots (compared with Figures 5a and 5b).
The plot for the {(11112)} sequence family (Figure 6a) is analogous to Figure 5b. Here, the
manifolds for all angle sums are connected in a simple succession (17 — 37 — 57 — 77 — 97) which
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(a) Schematic drawing of the cyclic continuous pathway of closed forms within the
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will be passed through when varying 8y from 0 to 27. Thus, a simple run of this kind will reveal
all forms that are possible for this sequence.

The situation is somewhat more complicated for the {(11122)} sequence family which in-
cludes Sy and Syo (Figure 6b). Here, the succession on varying 1 from 0 to 27 is 1m — 57— 97
for ¥ = 17 and 37— 77 for £ = 37 (or equivalent ¥ values). From Figure 6b we see, however, that
all manifolds are connected. Therefore, an alternative in searching for all possible {(11122)} forms
isarun 8y =0,...,4w for © = 17 (note that for ¥ = 3, one gets the same succession of forms,
but with a different starting point).

For ternary sequences, we find all manifolds connected in a simple succession according to
increasing & (Figures 6¢ and 6d). The same is true for the quaternary and quinternary sequences:
for these it has been assured that on varying 8; ... 8k -1 within their canonical range prescribing
¥ = 1m, forms with all possible angle sums are produced.

An interesting form variation is the continuous pathway found for the sequence (11232) and
its N isomer (12213). The misfit plot for (11232) is shown schematically in Figure 7a.18 It

18gince the sequence (12213) results from (11232) by interchanging the symbols “1” and “2”, it has a misfit plot
which is identical with that of (11232) with the axes 81 and 32 interchanged.



386 A. E. KOHLER

(a) The manifold of the {St*} form family centring in the St* point. The manifold
is traversed by five lines of (11232) forms, see text. At 8 = (60,60, 83), the manifold
is not drawn correctly due to the indeterminacy of 33.

(b),(c) The course of the five (11232) lines within Fj seen from the side and from

above. The four intersection points correspond to Stt, Pt*, Pt~, and St—. The
plot interval is 831, B2, 83 € [0°, 360°] with the B2 axis directed backwards.

Figure 8.

starts from an Aut form with 4 = (0,60,60),'° runs through the domain of the {St*} form
family (¥ = 1x), then enters the domain of the {Pt*} family (£ = 37) when crossing Pn*
with 4 = (60, 30,0); it leaves this domain at 7 f* with B = (60,210,0) for the domain of
self-intersecting Ar® polygons (¥ = 57) which ends at an Au~ form with g = (0, 300, 300).
The second part of the path (right-hand side of Figure 7a) is analogous. It runs once again
through {Au®}, and then through the domains of the “inverse” form families {Pt~} and {St™}.
Thus, the form class of the (11232) sequence comprises members of all form families lying on
manifolds with all possible angle sum values. This is possible since all £-manifolds are connected
for this sequence family. The course of the continuous pathway for (11232) within F g has been
plotted in Figures 7b and 7c. It is a plane, nearly elliptical curve.

Since there are five S/R isomers of the sequence (11232), we must have five continuous pathways
of the kind just described, running through the form space and intersecting in the St*, St=, Ptt,
and Pt~ points. The intersection of these five continuous pathways within the {St*} manifold is

19 Canonically, .Au forms belong to the sequence {(11122). Note that for 83 = B2 in (11232}, the assignment of
the 8js to the ays has to be changed to cope with the rules of Section 2.2.
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shown in Figure 8a in F 5 which corresponds to the reduced form space {(a1, a2,a3)}. The {St*t}
form family gives rise to a surface in Fz which is a deformed open pentagonal region of the form
space. It is bounded by five linear sPn*t manifolds which meet in five Au™ points. The main
part of the {St*} manifold is made up of (12345) forms. The only different submanifolds found
in {St*} belong to the (11232) sequence and its S/R isomers (these are exactly the continuous
pathways described above), and the St* point itself (belonging to {1s)).

An analogous picture of the course of the (11232) submanifolds within the {Pt*} manifold is
more complicated because of the folded structure of the latter within the reduced form space.
The {Pt*} manifold corresponds to an open decagonal region bounded alternately by s7 f* and
sPn+ lines which meet in five Aut forms, each of which occurs twice. As on {St*}, the five
(11232) submanifolds divide also the {Pt*} manifold, intersecting in the Pt* form. A global
picture of the course of the (11232) manifolds within F; is displayed in Figure 8b.

4.3. Angle Sequences for N =6

4.3.1. Nonuniversal angle sequences

For the general angle sequence (123456), we have 720 permutation isomers, 60 of which are
different (i.e., not an S/R isomer of some other sequence), but all of them are N isomers of the
general sequence. Furthermore, we have 30 different (112345) sequences, 16 sequences (112234),
and 10 sequences (111234). In the following, we will examine sequences with up to K = 3 different
angle values.

The sequences with K = 1,2,3 which give rise to proper nonvariant forms and (proper or
improper) continuous form manifolds are listed in Table 3 (for the symbols of various forms, see
Figure 9a). Univariant forms are universal if K’ = 2. This is the case with (121212) and (112112).
Among the ternary sequences, we find one bivariant, and hence, universal sequence: (123123).
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(a) Explanation of some symbols for forms with N = 6. Double points are designated
by ®, triple points by triply subdivided circles.
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(b) Form series on the continuous pathway for the sequence (121212) with ¥
47, 107,
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{¢) Form series on the continuous pathway for the sequence (112112) with X
O, 47,87, see text.
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Figure 9.



